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Green's function for a composite (piecewise-uniform) piezoceramic plane with a crack between the
phases is constructed explicitly. It is assumed that the crack edges are free from mechanical loads and
the normal component of the electric induction vector and the tangential component of the electric
field strength vector are continuous along the crack. The known representation of the solution of the
problem of electroelasticity using six functions analytic in half-planes is used, Green’s function for a
composite plane without a crack being constructed in the first place. The solution of the fundamental
problem is found using analytic continuation and is reduced to matrix Riemann problem in a finite
interval. The stress intensity factors at the crack tips are also determined.

Green’s function was constructed in [1] for a homogeneous piezoceramic plane with a recti-
linear cut.

L. Consider an unbounded medium consisting of two different piezoceramic half-planes
attached to one another along the sections x,=0, |x, I=a (Fig. 1). There is a gap along the
section x, =0, |x, I<a, which will be treated as a crack between the phases. Suppose that either
a concentrated force P=(P, P,) is applied at a point (x,, x,) in the upper hailf-plane or a
concentrated electric charge p is placed at that point. Denoting the quantities corresponding to
the half-plane r by a superscript r (r =1, 2) we write the mechanical and electrical boundary
conditions on the x;-axis in the form

o =02, dul=du®, Ixl=a (i=13)
El(l) =E,(2), Dgl) =D§2), —00< x) <o 1.1)

o* =0, 6@ =0, Ixi<a (1.2)

where o, w, E,, D, are the components of the stress tensor, the displacement vector, and the
electric field strength and induction vectors, respectively. By 6* we mean the limiting values of
o on the upper edge (the plus sign) and lower edge (the minus sign) of the crack.

We assume that the initial piezoceramic polarization vector on the upper and lower half-
planes is parallel to the x;-axis. In this case the components of the vector U={U,}={0,, -0,
u, u;, E,, -D,} have the form [2]

3
U, =2Re I ¢, ®,(z,) (k=12,..,6) (13)
v=l
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Cly =Y¥vs Cov =YvHys C3y = Pys Cay =dys Csy =Ay, Gy =7,
N, =€ +Eil, Py =Sl + 5y, Hdy e,
Qv =533y /By + 513V, Hd3a,
n=8nN Iy —disY,, 2, =X HRX
A, =(dis —dy3)p, - d3|“‘3
Here p, (Impu, >0, v=1, 2, 3) are the roots of the characteristic equation

{533+ (5gq + 25300 + 5,10 ey +Exp?) —pl(dis —dyy —dyyp?)* =0

The coefficients s; =s,; are the elastic compliances for a constant value of the electric field, 4,
are the piezoelectric constants, and €, =¢; are the permittivities for a constant value of the
mechanical stress [3, 4].

Hence we arrive at the boundary-value problem for determining the six functions ®¢(z"),
each of which is analytic in its plane 7z =x, +p¥x;, (v=1, 2, 3; r=1, 2), from the conditions
ensuring that the components U, (k=1, 2, ..., 6) can be extended by continuity across
the intervals |x, I=a and the conditions Uf =0, U; =0, U’ =UP, UP =U on the edges of
the interval [-a, a]. This problem should be solved by means of the analytic continuation of the
appropriate functions followed by reducing it to Riemann problems. However, to begin with,
one must construct the fundamental solution for a composite plane without a gap.

2. Consider a piecewise uniform plate consisting of two different piezoceramic half-planes
attached to one another along the entire length of the x;-axis. Suppose that either a concen -
trated force P=(P,, P,) acts at a point (x,, ¥,) in the upper plane or a charge p is placed at

that point. By generalizing the reflection method [5] and using the results of [6], we can
represent the solution in the form

® PO
OO (1) = i %”f'—A_"('—n (v=12,3) (2.1)
Zy =250 m=1 2, =m0
(¢)) (O]

3 OyiamA 1 1 o) )
PPy = % ROR 2 = x40 xy, 2 =10 + it X30
m=1 Z," = Zm0

Here

3 B, 2.
20m 3 AP @S =-22 (1=0,1,....5) 22)

m=1
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R o _ 1 _w.mam
By = —aymy (313 - ——&33533d3)
2“&1) 533 A

(1)
B e0a® 4 effal)) -~ pESy

B =- 2meDA, 2meA,
RdSy Pd{) +

B, =15l p = P’ B, = dD - dby
21tA, 27A, 2n Al

By = @D, - sPa,)+ LA
2 A2 2mAA,

Ay =(dY —dD)eld —de®, A, = sl — (D)2

1 Dy () _ (D
Ay =(dy) —dP)d5y - s{efy

A is the complex conjugate of A and the constants A” can be determined from the system of
equations (/ is the thickness of the plate).
The determinant of this system is

=-8iTmp, Imp, Impylp eyl x
X (g =g )3 = (g — o Mg — B (3 — By Y3 — )12 0

To compute ol we invoke the boundary conditions (1.1) on the whole x,-axis. Substitution
of (2.1) into these conditions leads to the following relationships uniquely defining the matrix
Na® il (v=1,2,...,6;, m=1,2,3)

): (@ a® +cPal), y=c® (m=123 k=12,...,6). (2.3)

This completes the construction of the fundamental solution of (2.1).
If the concentrated force is applied at a point (x,, xX,) on the lower half-plane, the funda-
mental solution has the form

D, 0‘(?3 AP @) e
m
o () = Z ‘(’l) (’;) ’ ZSnl)-xIO Lol U (24)
m=

B0 A 3 0@ AD
) - X ooy (v=12.3)
L L e R A

where AP and o can, respectively, be determined from Eqs (2.2) and (2.3) with the super-
scripts 1 and 2 mterchanged.

3. We will seek a solution of the fundamental problem posed in Section 1 in the form
W) =00 @)+ ¥ () (v=1,2,3; r=1,2) (1)

the functions @ (z) being given by (2.1)-(2.3), while ¥ (z), which account for the
perturbations due to the gap between the phases, are to be determined.

We shall use the idea of analytic continuation of ¥ () as follows. We continue
¥P(2) (¥(2)) analytically across the intervals |x, I= a into the lower (upper) half-plane with
the aid of the functions ¥®(z) (¥2(z)), which satisfy the relationship PO+ (x,) = PO (x,)
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(B(x) = ¥™(x,)). We use the definition ¥(z)="¥(Z) and we denote by Wi(x,) the
corresponding limiting values of ¥(z). Taking all this into account, we find from (1.3) that

3 — e 3
U ()= z]{cghyg”*(x, )+ ¥~ ()} +2Re 3ol x) 32)

3 —_—— 3
Ui(x)=3 {cg)‘l’l(,z)“(x, )+ c,(j) PD*(x, )} +2Re zlc,ﬁfhp(j)(x, )
y=

v=l

We introduce the functions

3
fi@= LB @)= BP @) x>0

F.(2)= (3.3)

f@= 2P¥D @) - D¥D(2)), x,<0 (k=12,....6)

v=1

By (1.3) and the fact that U, (k=1, 2,5, 6) can be extended by continuity across the cut, we
get

S ()= fi () =Ug (x) = Uy (%) =0 (34)

It follows that the functions f,(z) (k=1, 2, 5, 6) with elements f,(z) for Imz>0 and f,(2) for
Imz <0 are analytic in the whole z-plane and can be set equal to zero.
Relationships (3.3) imply the limiting equalities

3 (WD (x,) - @ T (x)) = £ ()
v=]
PP (3.5)
SO WD () - cPED- (3} =—f (%) (k=12,....6)
v=l

which, by (3.2), (3.4), and the boundary conditions U; =U; =0 (k=1, 2) lead to the following
matrix Riemann problem in the interval (-a, a)

Bf*(x)- Bf (%)= R(x) (3.6)
bi1» bz, - blsu " »Nl
B=lib; = =AC, R(x)=
Y abzl, by, -..r by TIN,

n .M ) 2 D 2 3
ci’s ez ey qr e Cl(:;) , N, =-4Re ch)d,(vz)(xl)
1 1 2) () -
cgll)' ng)’ 053)’ ‘-'51)» €32y €93 v=l

—_— —_— —— 0

o) o o e e P
Co =l o e e e e ACIE] P
4

....................... e e e 0
c®,. o, R D, -, - 0

Now we choose (p,,, p.2) and A, (k=1, 2) to be the eigenvectors and eigenvalues, respect-
ively, of the following homogeneous systems

Pia(Brs + Mebyz) + (=) palbys + Mibp3) =0 (k=1,2) (3.7

Pr1 (B + Mibig) + (=1 pyy (byg + Miboy) =0 (k=1,2) (38)
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Then (3.6) can be reduced to two scalar Riemann problems

P (x)+ NePi (x) = Ny (xy), Ixpl<a (k=1,2) (39)
4 2ilm(byby;)
= . f. , IR eame——— = 3’4
Pr(x;) szs diifi(a), dy By, + Nebs, 0] )

Ny =puN(x)+ (~D*"'ppaNy(x)

The eigenvalues A, and A, appearing in (3.9) can be found from the conditions for the non-
trivial solvability of system (3.7), (3.8). these conditions can be reduced to the quadratic
equation

)\12'2 + 2"1 Xl'z + rz = 0 (3.10)

K= Re(by3604 = by3bia) r= Bishra ~ bysbra
by3bys = biabys byzbas ~ byabyy

The roots of Eq. (3.10) can of course be represented as

1 = 1
)\':Ee ® A, =Re °, 6=—Eargr2 (3.11)
ImR=0, 0<€O<2n
Solving (3.9), we find that [7]
Pr(2) =D (2)+ My} X (z) (k=1,2) (3.12)
1 ¢ Ny(x)dx —
D, = —_— =
D= 5m ] ooy 2
X, ()=@+a) " @-a)"*", vy =l-2-+—i—lnR
k T2 2 2m

where X,(x)= X,(x) are the values of the canonical functions X,(z) on the upper edge of the
cut, M, being arbitrary complex constants.

To fix these constants one must ensure, first, that the displacement vector can be extended
by continuity across the intervals |, |= a (the boundary conditions involve the derivatives with
respect to displacements). This condition will be satisfied if M, and M, are connected by
M, =),M,. Next, we state the uniqueness conditions for the displacements in the composite
plane

Idu ——jd[u] 0(i=12) (3.13)
-a
where ¢ is an arbitrary closed contour surrounding the interval [-a, a] on the x;-axis and [«] is
the jump of 1 when passing across the cut.
Introducing here the expression for u(x,) from (1.3) and taking (3.1) and (3.12) into
account, we find after some reduction that

) _
M=o 3 (AP +ADAR) (=12) (3.14)
i m=

QP =0 =-3 3 pedall, (m=123)

v=l j‘
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3 2

j 2 1 -

QP =QiP = 3 3 (e, otk Pu=l
v=] j=

Pz = (D)X (Bys + Nebys by + Nybyy)™ (K =1,2)
Now we express the desired functions in terms of f,(z) from (3.3). We have

4
¥ (2)= I L;f;(z), Imz>0 (v=12,3)
j=3

@) 4 _
¥, (2)=-3 L,43,;f;(z), Imz<0
j=3

where [, (m=1,2,...,6; j=3, 4) are the matrix elements of C.*.
By substituting the functions f(z), f,(2) found from (3.12), carrying but the necessary
quadratures, and using (3.14), we finally find that

3 2 _ (Dyy-1g,0)
H@M=1 ¥ {(1 R (zﬂﬁ+xn<zﬁ”>J"£¢>x
m= -

1 n=1 %y Z,(,:())
a0 o | 12X @)X (250) (M [am(r) 20
X 'anAm + : z(r) Z(l) +Xn(zv )ﬂnZ ‘ynv Am (3'15)
v T 4m0

(r)

2
fn’v) =, dy = dy3dy, —dydyy
(1 + )\n )do

W _ % gy @ % (Y ]
Ly=X D" myly;, Lj=-X% ()" myl,s ;
j=3 ’ j=3

m,,3=d';‘i24, m,,4=-—-—-d3‘§23 (v=12,3; r=1,2)
n n

It follows that Green’s function for a composite piezoceramic plane with a crack between
the phases can be found explicitly from (3.1), (2.1) and (3.15). The analytic representation
of Green’s function implies that the mechanical stresses as well as the components of the
electric field at the crack tips between the phases have power-like singularities, amplified by
the oscillations in small neighbourhoods of x, =ta. This effect is also present in isotropic
composite media {8].

4, To determine the stress intensity factors at the tips of the crack between the phases we
leave in (3.15) only those terms that contain the canonical functions X,(z). Then in the vicinity
of x, =%a we obtain

- nt ) Yn
(V)=4Re 3. 3 A},}’{(—"l—if——agyn,m[(zg;‘; +“J +1}}+0(1) (4.1)
m=1 n=1 (2a)'" I —a

for x; >a and

~Yn ay _ 1-y,
wn-ane 3 § apfzeon, (22 oo

V0 =6), V{7 =-0{y (r=12)
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Df = 21 23( -1y e, M js Dy =Dy Dy =Didy'
v=l j=

for x, <-a.

As expected, the resulting expressions for V" are independent of r. In accordance with the
above asymptotic forms, we express the mechanical stress intensity factors as follows. At the
tip x,=a

. 1/2+0/(2m) A
Kt =limd| 2L - o;(x)t=—(K}) xy>a (x;>a) 4.2)
J a J ah J

112
0;(x)) =03, O3(x) =03, B'(nl)=h|iP12+P32+(}%)_] :| AY
33

2 Q(m) D 4a .

(Kfy=4Re 21 BY X = {(Zg;z Tl (G=12)
mel " nm .

Atthe tip x, =—

1/2-6/(2n)
LS|

a
- _ o 1H
Kj —llm{

a
I-v,
3 2 Q("') z(l) —-a
K;)=-4Re T BY m +1
() mz='1 " rEl 2" - R +a

o;(x )} = aAh(Kj' Y x o -a (x;<-a) 43)

Here A =P for P=w/F;2+P3-" >0 and p=0,and A=p/d} for p20 and P=0.

When evaluating these limits it was assumed (8] that Imy, Inlx, tal=0. Computations
confirm this approximate equality.

Nevertheless, the solution remains physically incorrect in “microscopic” neighbourhoods of
the tips because the stresses change their sign an infinite number of times.

5. The above approach can also be extended without major modifications to the case of an
anisotropic composite plane with a crack on the dividing boundary between the phases in a
Cartesian system x,Ox,. Green’s function is given by (3.15) with summation with respect to m
from 1 to 2, and the coefficients ¢, (k, v=1, 2) are as follows: ¢, =1, ¢, =p,, ¢, =0,n’-
all, + iy, Cy =G, — Ay +a, /1, (a, are the elasticity parameters of the material, and p, are
the corresponding eigenvalues [9]). In (4.2) and (4.3) by o, and o, we now mean, respectively,
the components o,, and 6, of the stress tensor (p=0).

6. As an example consider a PZT-5 (the upper half-plane), BaTiO, (the lower half-plane)
pair with a crack x,=0, —a<x, <a between the phases and a concentrated force (B, P) or
charge p at the point x,,=0, x, =H >0. The dependence of (K;') on ¢=H/a is shown in Fig.
2, in which curves 1-3 are constructed for the cases B, #0, P,=p=0; p#0, P,=PF,=0 and
P, 20, K =p=0, respectively. The solid lines represent (K[) and the dashed ones (K;). The
analogous results for (K3) are presented in Fig. 3.

The results are altered if the components of the pair are interchanged. In this case the data
for (K{') are presented in Fig. 4 We put P/h=1, p/(d3h)=1 in the computations.
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